ABSTRACT. X 1 and X 2 are completely regular Hausdorff spaces, E 1 , E 2 and F are Dedekind complete Banach lattices, ·, · : E 1 ×E 2 → F is a bilinear mapping, and µ 1 and µ 2 are, respectively, E 1 and E 2 valued positive, countably additive Baire or Borel measures (countable additivity relative to order convergence) on X 1 and X 2 . Under certain conditions the existence and uniqueness of the F -valued, positive, product measure is proved.
Introduction and notations
In a series of papers, [7] , [9] , [10] , [11] , J . D . M . W r i g h t has studied the lattice-valued positive measures when countable additivity is defined in term order convergence; in [12] he has studied the product of such measures (in [1] , product of semigroup-valued measures are studied). In this paper we study the product of lattice-valued positive measures on completely regular Hausdorff topological spaces.
For a completely regular Hausdorff space X, B(X) and B 1 (X) are the classes of Borel and Baire subsets of X, C(X) (resp. C b (X)) is the spaces of all realvalued (resp. real-valued and bounded), continuous functions on X andX is the Stone-Čech compactification of X.
Let G be a Dedekind complete vector lattice. G is said to be weakly σ-distributive if whenever {v i,j : i = 1, 2, . . . , j = 1, 2, . . . } is an order bounded subset of G with v i,j+1 ≤ v i,j for each i and for each j then
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G is said to be weakly (σ, ∞)-distributive if for any infinite set L and the set N of natural numbers, we have, for any order bounded subset {v n,λ : n ∈ N, λ ∈ L},
For a compact Hausdorff space X, let µ : B(X) → G + be a countably additive (countable additivity in the order convergence of G) Borel measure; then µ is said to be quasi-regular if for any open V ⊂ X, µ(V ) = sup µ(C) : C compact, C ⊂ V . Integration with respect to these measures is taken in the sense of [7] , [9] . There is 1-1 correspondence between these measures and positive linear mappings µ : C(X) → G ( [7] , [9] , [4] ). Now suppose that X is a completely regular Hausdorff space. A positive countably additive Borel measure µ :
This measure gives a positive linear mappingμ :
+ is a countably additive Borel measure, then µ is said to be τ -smooth if for any increasing net {U α } of open subsets of X, µ U α = sup µ(U α ) (some properties of these measures are given in [5, p. 207] ). Any such measure gives a positive linear mappingμ :
+ is a countably additive Baire measure then, as in the case of τ -smooth measure, we getμ :
In this paper we assume that for i = 1, 2, E i are Dedekind complete Banach lattices; in the kind of situation we deal with in this paper, there is no loss of generality in taking E i = C(S i ) where S i are extremely disconnected compact Hausdorff spaces and so we always take E i = C(S i ). F is also assumed to be a Dedekind complete Banach lattice. It is also assumed that there is a bilinear mapping ·, · : E 1 × E 2 → F having the properties:
and x ≥ 0, and y ∈ E 2 and y ≥ 0, then x, y ≥ 0.
Product of vector lattice-valued measures
We start with two simple lemmas.
Ä ÑÑ 1º
The linear mapping E 1 ⊗ E 2 → F arising from the bilinear mapping 
, it follows that the mapping ·, · : E 1 × E 2 → F is continuous and then is easily verified to be positive.
Then f belongs to the closure of the cone C generated by
The result follows now.
We will need the following theorem which follows from the results proved in [5] . The following theorem is proved in [12] . It follows immediately from the Lemma 1 and Lemma 2. We include the proof. 
Ì ÓÖ Ñ 3º For a completely regular Hausdorff space X and a Dedekind com-
P r o o f. For i = 1, 2, the positive mappings µ i : C(X i ) → E i are continuous and so the mapping µ 1 ⊗ µ 2 : C(X 1 ) ⊗ C(X 2 ) → E 1 ⊗ E 2 , with injective topologies on tensor products, is also continuous ([2, p. 347]). By Lemma 1, µ 1 ⊗ µ 2 : C(X 1 ) ⊗ C(X 2 ) → F is also continuous; it is also positive on the cone C generated by
+ . Now it can be continuously extended to µ 1 ⊗ µ 2 : C(X 1 × X 2 ) → F . By Lemma 2, this is positive. This means µ 1 ⊗ µ 2 is a positive, F -valued, quasi-regular Borel measure on X 1 × X 2 . Other things are routine verifications.
The following theorem is proved in [3] . We give a very short and different proof. 
Ì ÓÖ Ñ 5º
Let X be the Stone-Čech compactification of X 1 ×X 2 and φ : X → (X 1 ×X 2 ) be the unique continuous extension of the identity mapping (
• φ is a subspace of C(X), and for any f and g in C(X 1 ×X 2 ) with f • φ = g • φ, we have f = g; so in a sense C(X 1 ×X 2 ) is a subspace of C(X). By taking a linear positive extensionν of ν, we have a positive linear mappingν : C(X) → F . Take, for i = 1, 2, any compacts
Taking sup first over C 1 and then over C 2 , we get sup
By Theorem 3(a),ν gives an F -valued tight measure on X 1 × X 2 . Other conditions are easy to verify. 
Ì ÓÖ Ñ 6º
By Theorem 4, we get a positive linear map ν =μ 1 ⊗μ 2 :
First we prove that for any compact K of (X 1 ×X 2 ), K ⊂ (X 1 × (X 2 \ X 2 )), ν(K) = 0. Let ψ 1 :X 1 ×X 2 →X 1 and ψ 2 :X 1 ×X 2 →X 2 be the canonical mappings; they are continuous.
This means ν(K 1 × K 2 ) = 0 and so ν(K) = 0, proving the result. Now Suppose K is a compact subset ofX 1 ×X 2 \ X 1 × X 2 and let C be any compact subset
. Taking sup over C as C increases over compact subsets of X 1 and using the tightness property of µ 1 , we get ν(K) = 0.
Let X be the Stone-Čech compactification of (X 1 ×X 2 ) and φ : X → (X 1 ×X 2 ) be the unique continuous extension of the identity mapping (X 1 × X 2 ) → (X 1 ×X 2 ). As in Theorem 5, we take a linear positive extensionν of ν, and so we have a positive linear mappingν :
) is compact and contains C, and φ(C) is disjoint from (
by Theorem 3(b),ν generates a τ -smooth measure on X 1 × X 2 . The rest is a routine verification.
Before the next theorem, we set some notations. Let
and Baire(H) be the smallest σ-algebra on X 1 ×X 2 relative to which all functions in H are measurable. It is a simple verification that Baire(H) = (σ-algebra of Baire subsets ofX 1 
,μ 2 (f 2 ) , for every f 1 ∈ C(X 1 ) and every f 2 ∈ C(X 2 ). Take any compact G δ -set Z ⊂ (X 1 ×X 2 ) \ (X 1 × X 2 ). Assume first that Z ⊂ (X 1 × (X 2 \ X 2 )). Let ψ 1 :X 1 ×X 2 →X 1 and ψ 2 :X 1 ×X 2 →X 2 be the canonical mappings; they are open and continuous. This means ψ 2 (Z) ia a G δ subset of (X 2 \ X 2 ). Now ν(Z) ≤ ν(X 1 × (ψ 2 (Z))) = 0 and so ν(Z) = 0. Now we consider the general Z. Take a compact C ⊂ X 1 ; thus Z ∩ (C ×X 2 ) ⊂ (X 1 × (X 2 \ X 2 )) and ψ 2 (Z ∩ (C ×X 2 ) ) is compact G δ -set in (X 2 \X 2 ). Thus ν(Z ∩ (C ×X 2 )) = 0, for every compact C ⊂ X 1 . Using the tightness of µ 1 , and proceeding as in Theorem 6, it now follows that ν(Z) = 0. Since F is a weakly σ-distributive vector lattice, ν(B) = 0 for every Baire set B ⊂X 1 ×X 2 ( [9] ). Now it is easy to define µ 1 ⊗µ 2 on Baire(H): µ 1 ⊗µ 2 (B) = ν(B 0 ), (B 0 ) being any Baire set inX 1 ×X 2 such that (X 1 × X 2 ) ∩ B 0 = B; it is easily verified that it is well-defined. Other things are easy to verify.
